We explore the nonunital non-Markovian dynamics of a qubit immersed in a spin bath. The nonunital environmental effects on the precisions of quantum parameter estimation are investigated.
I. INTRODUCTION
There are always energy or information exchanges between open quantum systems and environments, owing to external measurements and inherent spontaneous decays [1, 2] . The open dynamical process can be regarded as Markovian dynamics in the weak coupling approximation where the correlation time of the bath is much smaller than the decay time of the open system. During a Markovian evolution, quantum informations embodied by open systems are gradually destroyed [3] . Indeed, actual interactions between quantum systems and environments generally give rise to one non-Markovian dynamics [2] . The revivals of polarization parameters [4] , quantum correlations [5] , quantum entanglement [6] and quantum Fisher information [7, 8] can happen in the non-Markovian decoherence channel. Much more works have been presented in order to help people to understand non-Markovian dynamical processes [9] [10] [11] [12] [13] [14] [15] . As is known, quantum spin bath [16] [17] [18] [19] [20] has the rich non-Markovian phenomena which is useful for the solid-state quantum information processing [21, 22] .
Many useful measures on the non-Markovian degree for a dynamical map have been suggested in the recent years [23] [24] [25] [26] [27] [28] [29] . The measures based on distance fidelity [23, 24, 30, 31] , entanglement [25] , indivisibility [26] , quantum discord [27] and Fisher information [28] are applied to quantitatively evaluate some non-Markovian dynamics such as dephasing channel and general amplitude-damping one. Besides the non-Markovian effects, the nonunital property of the environment is necessary for the generation of quantum discord for composite states [32] . One kind of reasonable measure is introduced to take into account the nonunital effects on the degree for the non-Markovianity [29] .
In this paper, we expect to present one spin environment with both non-Markovian effects and nonunital ones. The general expression of a nonunital dynamical process is obtained by the time-dependent transfer matrix and inhomogeneity vector in Sec. II. For an example, we put forward the model consisting of a qubit coupled to a spin bath with infinite number of lattices in Sec. III. To clearly understand the nonunital non-Markovian effects, we provide a geometrical explanation. The actual length for Bures fidelity is utilized to measure the degree for the non-Markovian nonunitality. As one kind of application, the impacts of the nonunital non-Markovian environment on quantum estimation are studied in Sec. IV. The mutual actions between quantum Fisher information and nonunital non-Markovianity are also investigated. A short discussion concludes the paper.
II. GENERAL DESCRIPTION OF NONUNITAL EVOLUTION
The dynamical physical process for an open d-dimension system is generally described by a noisy quantum map Λ t . Without the consideration of the correlation between systems and environments, the reduced density matrix for the open system at arbitrary time t > 0 can be obtained as
The initial states for the system and environment are respectively ρ 0 and ρ E . The unitary evolution operator is represented byÛ(t) = exp[−i(H S + H E + H I )t] where H S(E) denotes the Hamiltonian for the system(environment) and the interaction Hamiltonian is expressed
m,k=0 ̺ mk |m k|, we can also represent the expression of the reduced density matrix as Λ t (ρ 0 ) = d−1 m,k=0 ̺ mkFmk (t). Here, the decoherence factorsF mk (t) are defined as,F
To geometrically describe the dynamics of an arbitrary d-dimension system, we make use of a general Bloch or coherent vector [2, 33, 34] 
T . The general evolution expression for a coherent vector is presented as,
The density matrix ρ is also expressed as ρ =
µ=1 λ µÔµ where I is the identity matrix and {Ô µ } is a complete set of Hermitian and orthonormal operators satisfying thatÔ † µ =Ô µ and Tr[Ô † µÔ ν ] = δ µν [33, 34] . The components of the vector is calculated as
The nonunital non-Markovian effects from the environment can be described by the timedependent transfer matrix and the inhomogeneity vector. These components are calculated The transfer matrix and inhomogeneity vector are determined by the decoherence factors, which are also obtained as,
In the above expressions, the Hermitian operator can be represented asÔ ν = {k,j}∈Rν |k j|. In the case of d = 2, the complete set of Hermitian operators is represented by the Pauli matrixÔ 1 =σ x = |1 0| + |0 1|,Ô 2 =σ y = |1 0| − i|0 1|, and
To clearly present the nonunital effects on the dynamics, we may select any two initial orthogonal states |ψ 1,2 (0) with the two collinear Bloch vectors of λ 1 (0) + λ 2 (0) = 0. Under the condition of r = 0, the dynamical process is unital. From the point of view of Bloch vectors, the orientations for the general Bloch vectors for any two orthogonal states always keep collinear during the unital dynamics. However, for a nonunital decoherence channel with the nonzero inhomogeneity vector r(Λ t ) = 0, the initial orthogonal states with collinear Bloch vectors will be mapped onto others with non-collinear vectors of λ 1 (t) + λ 2 (t) = 0.
Besides the nonunital effects, the environment is of the important non-Markovian property which can give rise to the energy or information exchange between the bath and the open system. In the following section, we will consider a central spin coupled to a spin bath. A nonunital non-Markovian dynamical process can be obtained by using a special operator method without any Markovian approximation.
III. ANALYSIS OF SPIN BATH MODEL
For an example, the model composed of a qubit(d = 2) and spin environment is described by the Hamiltonian as,
where
ǫ is the local external magnetic field. The spin bath Hamiltonian with the Heisenberg XY interaction J between any two spin lattices, is written as,
Hereτ i,± is the raising or lowering operator for the i-th lattice of the bath and L is the total number of lattices. Meanwhile, the interaction Hamiltonian is also given as,
where J 0 is the coupling strength between a central spin and any spin for the bath. By using the Holstein-Primakoff transformation [35] in the approximation of L ≫ 1, we can rewrite the total spin operatorsŜ ± = L j=1τ j,± as the bosonic creation and annihilation operators,
The number operator for the bosonic field isn =b Hamiltonian and bath Hamiltonian can also be simplified as,
Under the condition of the bath at finite temperature, the initial total state for the system and bath is factorized as
and finite temperatures T J < 10, the dynamical results are reasonably considered as that of the thermodynamics limit [37] . We can obtain the analytical results in the thermodynamics limit of L → ∞. The effective form of the interaction Hamiltonian in Eq. (10) is very similar with that of a Jaynes-Cumming type which can be block-diagonalized in the product basis of {|j; n }. |j = 1, 0 is the spin state for the open qubit. During the dynamical process, the total quantum number j + n keeps constant. By the special operator method introduced in the reference [17] , the unitary evolution operator acting on the open system can be obtained analytically. In the thermodynamic limit,Û(t)|1 =Â(t)|1 +B(t)|0 wherê A andB are respectively expressed by the number operator asÂ = exp(−i2Jnt)Â 1 and
Here these operatorsn,Â 1 ,B 1 ,Ĉ 1 andD 1 are commuted to each other and calculated by the following coupled differential equations like,
After solving the above equations, we can obtain all of the decoherence factorsF mk (t).
According to Eq. (4), the time-dependent transfer matrix is expressed as,
where the real elements are
T , and
T . These parameters are calculated as A 1 = e −iJt (cos Γt + i
2J−ǫ 2Γ
sin Γt),
sin ∆t, and
sin ∆t) with Γ =
) 2 . Meanwhile, the inhomogeneity vector is also obtained as,
T . In the thermodynamics limit, all summation symbols are calculated as = 
The Bures angle is an appropriate monotonic distance under a complete positively and trace preserving map of the density matrix. During a Markovian dynamical map, the Bures angle between the two states always monotonically decreases. The non-Markovian effects can result in the increase of the Bures angle, i.e.,
The nonunital map satisfies that Λ t (
µ=1 r µÔµ . The non-Markovian evolving behavior of the inhomogeneity r(Λ t ) vector from the maximally mixed initial state can represent both the non-Markovian effects and the nonunital impacts. Therefore, similar to the definition in [29] , one measure based on the Bures angle is defined as,
where the trajectory states ρ τ = Λ τ ( 
In the case of the spin bath model, we can obtain the Bures angle between the maximally mixed state and the selectable trajectory state as,
(1 + θr 3,t )(1 + θr 3,t + θT 33,t r 3,τ ). (16) Figure. As one efficient application of the nonunital non-Markovian dynamics, it is of value to investigate the nonunital non-Markovian effects on the precision of quantum estimation.
Quantum Fisher information [38, 39] is a key quantity for describing the sensitivity of a quantum state with respect to a parameter χ. Quantum Fisher information can provide a lower bound of the variance of any unbiased estimator due to the quantum Craḿer-Rao inequality [31] . A large value of quantum Fisher information represents an attainable measurement with a high precision. Among many versions of quantum Fisher information, there is a famous definition [38, 39] as,
The symmetric logarithmic derivatives L χ is determined by
izing the density matrix for the quantum state as ρ χ = ̺ m |ψ m ψ m | with m ̺ m = 1, we can transform the expression of the quantum Fisher information into,
The amplitudes ϑ for quantum states are changing because of the nonunital nonMarkovian decocherence. We will evaluate the precision of quantum estimation about the amplitudes. We may assume that the initial composite state is chosen as the product state 
If the initial entangled state is given as |Ψ ϑ (0) = cos 
Here, α = is always superior to that for product state F
P rod ϑ
. It is found out that the nonunital non-Markovian effects can enhance the precision of quantum parameter estimation.
To furthermore demonstrate the relations of quantum Fisher information and nonunital non-Markovianity, we study the derivatives of them with respect to time. The positive derivatives of quantum Fisher information denote the backflow of the information from the bath to system, which is regarded as non-Markovian behavior. Meanwhile, we use the Bures angle to evaluate the degree for nonunital non-Markovianity. In Figure 4 , the dynamics of
is synchronous with that of
. That is, the increase of the quantum Fisher information also represents the existence of the nonunital non-Markovian effects.
V. DISCUSSION
The nonunital non-Markovian effects from the environment can be studied by the timedependent transfer matrix and inhomogeneity vector which are determined by the decoherence factors. The nonunital non-Markovian dynamics of the open system in a spin bath is analytically obtained in the thermodynamics limit by using the special operator method.
We may select any two orthogonal initial states with collinear Bloch vectors. The nonunital non-Markovian environment leads to the two evolving states with non-collinear vectors.
The revivals and suppressing of the angles between the two Bloch vectors happen in the nonunital non-Markovain dynamics, which is different from the monotonic decrease of the angles in the Markovian dynamics.
We also use the Bures angle to measure the degree for the nonunital non-Markovianity.
In the resonant case, the nonunital non-Markovain effects are prominent at the low bath 
